A Heisenberg spin-s chain with alternating ferromagnetic (−J 1 where κ ≤ s + h for applied magnetic field h. For s > 1/2, JC lies on a phase transition line which passes across the NM phase and separates the Haldane-Dimer phase from a topologically different spiral phase. For s = 1/2, JC is seen to lie on the FM-NM phase boundary. We also show that, for the NN dimer state, a suitably defined den Nijs-Rommelse string-order parameter takes value 0 or 1/4 depending on whether s is integer or half integer, respectively; this supports the earlier claim that the even and odd integer-s Haldane phases belong to different topological classes.
Introduction.-In condensed matter physics a phase of a system can be identified by defining a suitable order parameter. However, it was later found that the phases can not always be characterized by the broken symmetry approach prescribed by Landau; here different phases are distinguished according to their topological characters [1, 2] . There are many systems where topology plays a vital role in characterizing their phases [1, 2] . For example, the antiferromagnetic Heisenberg spin chain can have gapped or gapless groundstate (GS) depending on whether site spins are integer or half-integer, as was first conjectured by Haldane [3] . The change in the spectrum for this system is due to the presence or absence of a topological term in the field theoretical description of the chain [1, 3, 4] . Further studies on such systems later showed that, the odd and even integer spin (S) Haldane phases belong to different topological classes; while odd-S Haldane phase is topologically nontrivial and protected by symmetries, even-S Haldane phase is not protected and can be adiabatically transformed to a trivial sitefactorizable phase [5] .
A special quantum spin chain model has become a playground for studying and understanding the intricacies of the Haldane phase and associated gap [6] [7] [8] [9] . The model, which is here called AFAF model, has Alternating Ferromagnetic (−J In the AFAF model, the neighboring spin-s objectsconnected by ferromagnetic interactions-couple to form an effective spin-2s Haldane chain in the limit J [6] [7] [8] [9] 22 ]. This particular model got more prominence after it was realized experimentally in some systems, e.g., [Cu(T IM )]CuCl 4 [10] , (CH 3 ) 2 CHN H 3 CuCl 3 [11] , CuN b 2 O 6 [12] , and (CH3) 2 N H 2 CuCl 3 [13] .
The main insight gained from studying s = 1/2 AFAF case: the HD phase is seperated from a gapped Spiral phase by a topological phase transition line (ABCD), which passes through the point C (location of C depends on s). In both the cases, the NN dimer is the exact GS along the broken line (ED).
model is the topological equivalence of the s = 1/2 NN dimer phase (in J Hida first showed that the Haldane gapped phase is adiabatically connected to the NN dimer state [6] by studying the string-order parameter suggested by den Nijs and Rommelse as function of J by showing that the model has broken Z 2 × Z 2 hidden symmetry in both the phases [15, 16] .
In this Letter we first argue that the spin-2s Haldane and spin-s NN Dimer phases in two opposite limits of the AFAF model are topologically equivalent. For arXiv:1904.02102v1 [cond-mat.str-el] 3 Apr 2019 the broader understanding of the Haldane and Dimer phases, we study the extended phase diagram of this spin model in presence of frustration which is induced by the next nearest-neighbor (NNN) ferromagnetic interaction (−J F 2 < 0). We find that, the phase diagram comprises of two major phases -Ferromagnetic (FM) and singlet or Nonmagnetic (NM). For s > 1/2, the NM phase is seen to be divided into the Haldane-Dimer (HD) and a gapped Spiral phase by a topological phase transition line ("ABCD", as appear in FIG. 1 b) . We also show that the NN dimer state is the exact GS along J
is larger than a critical value. We analytically calculate the string-order parameter in the NN dimer state, and show that the odd and even integer spin Haldane phases belong to different topological classes which is consistent with the earlier results [5] .
Frustrated AFAF model.-The following Hamiltonian describes the Frustrated spin-s AFAF chain of size N : [6, 15, 16] . In the following we examine whether the dimer and Haldane phases are topologically equivalent even for s > 1/2. Since different topological states can be distinguished by their GS degeneracies [2, 17] , we will now calculate this quantity in two opposite limits. We first note that, in the dimer limit (J the following way: each site spin can be considered as symmetric combination of two spin-s objects [18] . Two spin-s objects of a site then form singlets with the two spin-s objects belonging to the two neighboring sites ( see  FIG. 2c ). This leaves two free spin-s objects at the two edges of the chain [5, 19] . This shows that, in the Haldane limit too, the GS degeneracy will be (2s + 1)
2 . The same value of the GS degeneracy in two opposite limits indicates that, the Dimer and Haldane phases are topologically equivalent for all s. For s = 1, we also numerically calculate the spin-gap, string-order parameter and the entaglement spectrum as functions of J Extended phase diagram.-To better understand the intricacies of the Haldane phase and its topological connection to the Dimer phase, we now study the AFAF model with frustration induced by the NNN ferromagnetic interactions (−J F 2 < 0). We begin by showing that, when J F 2 = 1/2 (we set J F 1 = 1 as normalization), an NN dimer state is an exact eigenstate of the Hamiltonian in Eq. 1. This dimer state is then proved to be the exact GS when J A 1 is larger than a critical value. Along the special line J F 2 = 1/2 in the parameter space, we rewrite the Hamiltonian in the following form (assume periodic boundary condition):
Let [i, j] be the singlet state between spins at sites i and j. We then have the following relations: 
Using the Rayleigh-Ritz variational principle, it is possible to prove that this ψ is a GS of the system when J A 1 is greater than a critical value κ (= J C with J F 1 = 1). It can be shown that κ ≤ s + h [20] .
It is interesting to note here that, the NN dimer state is the exact GS of the spin model in two different limits of the extended phase diagram -along the line J The study of the spin-gap, string-order parameter and the entanglement spectrum for s = 1/2 and 1 indicates that the dimer phases in those two limits are adiabatically connected and one does not encounter a quantum phase transition while going from one exact dimer GS to the other. This conclusion is consistent with the earlier studies [22] . The adiabatic connectivity explains the continuity of the upper part of the phase diagrams in FIG.
1.
The topological equivalence between the dimer and the Haldane phases -as discussed earlier-allows us to gain more insight into the nature of the Haldane phase by studying the topological character of the exact NN dimer GS. Here we first analytically calculate the stringorder parameter (O S ) for the exact dimer state. For our AFAF spin model, the string-order parameter is defined as: O S = lim |k−l|→∞ O kl , where 
where a = 1 or 1/2 when s is integer or half-integer respectively. After doing some algebra, we find from Eq. 5 that, O kl = 0 or 1/4 when s is integer or half-integer. This simply shows that, the value of O S for the NN dimer state is 0 or 1/4 depending upon whether s is integer or half-integer. Since the dimer state is topologically equivalent to the spin-2s Haldane state, we can now say that, the even and odd integer spin Haldane phases belong to two different types of topological classes. We would like to stress here that, this particular result is consistent with the previous findings where it was argued that, the oddspin Haldane phase is nontrivial and protected by certain symmetries, whereas the even-spin Haldane phase is not protected by symmetries and can be adiabatically transformed to a site-factorizable state [5] .
Topological phase boundary. -The extended phase diagram of the frustrated AFAF model, as shown in FIG.  1 , consists of a ferromagnetic region (FM) and a nonmagnetic region (NM). A classical analysis [21, 22] as well as a spin-wave analysis [22] finds that the phase boundary between them is determined by J (setting
. The numerical studies for small spin (s = 1/2 and 1) show good agreement with this result [22] . For s > 1/2, we find a topological phase transition line ("ABCD", as appear in FIG. 1b) which divides the NM phase into a Haldane-Dimer (HD) phase and a gapped spiral phase. This line goes through the point C which lies inside the NM phase for s > 1/2. When s = 1/2, the point C is seen to fall in the FM-NM boundary line [22] ; in this case we do not get the "ABCD" phase boundary in the NM phase. To verify that the "ABCD" line is actually a topological phase transition line, we study the spin-gap (∆ S ) and string-order parameter (O S ) at the point C and some other representative points along the line. First we note from our numerical results [20] for s = 1 and 3/2, as presented in FIGs. 3a and 4b, that the point C lies inside the NM phase. With this result, besides the fact that the upper bound of J C increases linearly with s, we here conjecture that, the point C will always be inside the NM phase when s > 1/2 (as shown in FIG. 1b) . We recall here that, the NN dimer state is the eigenstate of the AFAF model along J F 2 = 1/2 line in the phase diagram, and it is an exact GS when J A 1 ≥ J C . For s = 1 system, we calculated spin-gap (∆ S = singlet-triplet gap) at point C. Finite size scaling shows that the excitation gap at that point goes to zero in the thermodynamic limit (FIG. 3a inset) . Our results for s = 3/2 are also consistent with the claim that the system goes gapless at point C (FIG. 4b) . To confirm that C is a critical point and the system goes through a topological phase transition at the point, we calculate O S across the point in the parameter space (see FIGs. 3b and 4b). We find for s = 1 and 3/2 that, along the line J A topological phase transition point can not be an isolated point inside the phase diagram, as otherwise a particular phase can be shown to have two different topological characters. We therefore expect, for the frustrated AFAF spin model, the point C to lie on a topological phase transition line which spreads across the phase diagram (see line "ABCD" in FIG. 1b) . Earlier results [22] and our present results for s = 1 (FIG. 3) The spin-gap seems to go to zero at any point on the line (results for some representative points can be found in Ref. [22] ). We also find that, the string-order parameter goes through a change across any ponit in the line (result shown for a representative point in FIG. 3b) . This gapless line seperates the Haldane-Dimer (HD) phase from a gapped nonmagnetic phase; the numerical results for s = 1 show that, this nonmagnetic phase is a spiral phase [22] .
Conclusion.
-The spin-s model with alternating ferromagnetic-antiferromagnetic (AFAF) interactions has become a playground for studying and understanding the intricacies of the Haldane phase and associated gap. In two opposite limits of J A 1 , this model gives two phases -the spin-2s Haldane and Dimer (which results from singlet formation between two neighboring spin-s objects). We argue in this Letter that these two phases are topologically equivalent and one does not encounter phase transition while going from one to the other phase. This result helps us to establish that the odd-and eveninteger spin Haldane phases are respectively topologically nontrivial (O S = 0) and trivial (O S = 0); this finding is consistent with the conclusion of an earlier work on different system. To have broader understanding of the physics of the model, we also study it with frustration which is induced by the NNN ferromagnetic interactions. For the frustrated AFAF model, the NN dimer state is shown to be the exact GS provided J A 1 ≥ J C and J F 2 = 1/2. We also report here how this frustrated spin model is different for s = 1/2 and s > 1/2: while in the first case the phase diagram consists of a ferromagnetic and a nonmagnetic (Haldane-Dimer) phase, in the later case, the model additionally shows a nonmagnetic gapped spiral phase which is topologically different than the HaldaneDimer phase.
We hope that our present work would shed some light upon the intricacies related to the Haldane physics and open a new avenue to investigate the many body topological phases. The AFAF model has already been realized in many systems, and this work may excite the experimentalists to design new compounds and study topological phase transitions.
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